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Introduction

	 Hepatic carcinoma is one of the most common solid 
cancers with an estimated annual incidence of at least 
one million new patients. The incidence of this cancer 
is especially high in Eastern Asian countries, and it is 
associated with both higher morbidity and mortality. Radio 
frequency ablation (RFA) has emerged as the most widely 
accepted and important method for both early stage and 
single HCC. It has previously been shown that an effective 
ablation rate of 98% has been achieved with RFA (Curley 
et al., 1999). With improvements in treatment devices and 
techniques, complete necrosis was achieved rates of 70-
90% with RFA for HCC ≤5.0 cm in diameter (Livraghi 
et al., 1999). Additionally, RFA has received significant 
attention in recent years as a minimally invasive treatment 
for focal malignant liver disease (Zhou et al., 2010). It 
should be noted that the main advantage of RFA is the 
ability of this approach to preserve uninvolved hepatic 
parenchyma, with destruction of only a small rim of the 
surrounding healthy liver tissue. Accurate image guidance 
for optimal placement of the probe into the lesion is of 
vital importance if complete necrosis of the tumor is to 
be realized.
	 One of the drawbacks of RFA, which is related to 
the size of the tumor, is incomplete tumor ablation. 
This adversely impacts disease prognosis. A number of 
studies have estimated that an incompletely ablation to 
targeted lesion with a diameter greater than 3.0 cm, can 
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Abstract

	 Radio frequency ablation (RFA) is an effective means of achieving local control of liver cancer. It is a 
particularly suitable mode of therapy for small and favorably located tumors. However, local progression rates 
are substantially higher for large tumors (>3.0 cm). In the current study, we report on a mathematical model 
based on geometric optimization to treat large liver tumors. A database of mathematical models relevant to the 
configuration of liver cancer was also established. The specific placement of electrodes and the frequency of 
ablation were also optimized. In addition, three types of liver cancer lesion were simulated by computer guidance 
incorporating mathematical models. This approach can be expected to provide a more effective and rationale 
mechanism for employing RFA in the therapy of hepatic carcinoma. 
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subsequently result in high local recurrence after RFA 
(Solbiati et al., 1997a; 1997b; Kainuma et al., 1999; 
Livraghi et al., 2000). High local recurrence was found 
to be related to the size of the RFA area (Cady et al., 
1998). Another study reported that under situations where 
the diameter of the tumor was larger than 5.0 cm, tumor 
necrosis did not exceed 50% after treatment with RFA, and 
was thus highly likely to recurrence (Chan et al., 2008).
	 There have been several studies describing novel 
methods of establishing mathematical models aimed at 
enhancing the extent of tumor ablation. Such studies gave 
way to the realization that an additional surgical margin 
of 0.5-1.0 cm of apparently normal tissue located adjacent 
to the tumor, should be preferentially ablated to eliminate 
the risk of tumor recurrence (Youk et al., 2003; Min et al., 
2011).
	 To reduce relapse rates, an improvement in the 
efficiency of RFA was needed. For example, Baegert 
et al. (2007) optimized the trajectory during planning 
of percutaneous RFA in the liver. In addition, others 
established a mathematical model based on a geometrically 
optimized theorem and found that a small change in 
the precise positioning of the ablated tumor can leave 
potentially unablated tumor and subsequent treatment 
failure (Khajanchee et al., 2004). Similarly, Chen et al. 
used finite-element models in RFA treatment planning, 
which predicted more physically meaningful therapeutic 
outcomes (Chen et al., 2009), and one other study 
developed a modified US-volume system to evaluate 
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its efficacy in demonstrating a meaningful response to 
therapeutic RFA (Hiraoka et al., 2010).
	 The studies discussed above have enabled progress 
to be made in the field of RFA. However, the methods 
often lead to a more times of RFA punctures where such 
approaches often lack practical and effective optimization. 
Moreover, clinical practice was slow to accept the 
research and RFA suffered difficulties in popularizing 
its application since prior studies had not provided an 
effective way of treating irregular tumors with RFA. Thus, 
in this report, we have established a mathematical model 
with a three-dimension database that utilized geometric 
optimization of RFA. It contains 5 steps to perform 
including CT scan of liver, three dimension reconstruction 
of tumor, medical report if tumor, mathematical model 
established and optimize of RFA by mathematical model. 
Using this approach, large tumors with diameters greater 
than 3.0 cm can be targeted effectively. 
	 This study thus focuses on the optimization of RFA 
in hepatic carcinoma. This approach was based on three 
model libraries and one untreated model library. These 
included the pattern of tumors needing corresponding 
punctures, such as the diameter of the cancer, the 
maximum section that is perpendicular to the diameter 
of the tumor and the coordinates of the punctures. In 
the decision making process, data that characterized the 
specific tumor were collected, analyzed by a computer 
software tool, and the frequency and placement of the 
punctures were decided on by computer simulation.

Materials and Methods
Mathematical model
	 A geometric optimizing problem was extracted from 
the optimization of RFA.
	 Question 2.1. (The cover problem): What are the 
required and sufficient conditions for an arbitrary 
N-dimensional graphic (W) that can be completely covered 
by three separate 3.0 cm diameter spheres?
	 Definition 2.1.1: Graphic (W) in N-dimensional space 
can be covered completely by the graphic if and only if 
"xeW, then xeH.
	 Definition 2.1.2. The diameter (d) in (W) of 
N-dimensional space is defined by d=max{d(x1,x2)| 
x1,x2eW}, where d(x1,x2) is the Euclidean distance between  
x1 and x2.
	 There are four model databases that include 1, 2 
and 3-needle databases and an untreatable database. 
Characteristic data of the tumor patterns are stored in those 
databases, which need the smallest number of puncture 
for treatment of the tumors or alternatively, they belong 
to an untreatable database. If the characteristic data sets 
of a liver lesion meet the criteria of a database, this lesion 
will need a corresponding number of punctures for the 
treatment of the lesion. 
	 Thus, let Ui be the set of tumors that need i needles 
to treat (i=1, 2, 3) and Uo be the set that need more than 
three needles to cure. Uj is the set of tumors that need j 
needles to treat (j=1, 2, 3), the same of Ui. Under these 
conditions, U is the set of all liver lesions. According to 
the experimental design of this model, the relationship is 

established as follows:

	 Ui      Uj; i<j; j=1, 2, 3	 (1)
	 U1UU2UU3UU0      U.

Two dimensional cover model
	 Current clinical research describes an actual tumor in 
terms of two-dimensional figures, the major disadvantage 
of the two-dimensional approach, are first considered as a 
foundation for the cover problem in 3-dimensional space, 
thus:
	 Definition 2.2.1: In Rn (Rn is the n dimension of space. 
If n=3, that means it is 3 dimensions), peW if and only if 
there exists a coordinate system and a point q(qeW), such 
that p and q have the same coordinates in this system.
	 Question 2.2.1: What is the condition that is sufficient 
for a two dimensional graph W, which could be completely 
covered by three circles with a diameter of 3.0 cm?
	 Since the maximum area of a graph (it is defined as the 
area that cover the the longest diameter of the section in 
two dimension model.) that three separate 3.0 cm diameter 
circles can cover completely is 6.75p (cm2), it is assumed 
that the area (S) of W is less than 6.75p, that is S≤6.75p. 
Two methods are the used to settle this problem, the first 
approach is referred to as the “inscribed triangle” and the 
second is referred to as the “subdivision”.

Inscribed triangle
	 In this study, the tumor should be ablated for not more 
than 3 times of puncture, for it will be more safety and 
efficacy and with less damage of normal liver tissue. The 
tips of the RFA needle can be composed into triangle in 
two dimensions by simulation of the results of CT scan. 
This method can be transformed into a mathematical 
problem.
	 This method is based on the assumption that has an 
inscribed triangle where the longest edge is less than 3.0 
cm. Under conditions where an inscribed triangle in the 
graph does not meet the assumption, the second mean 
will be considered. The largest triangle is then selected 
that satisfies the conditions and draw three separate 3.0 
cm diameter circles, centered at the midpoint of each 
edge (the coordinates of these centers are [(x’, y’), (x’’, 
y’’), (x’’’, y’’’), respectively]. In addition, because the 
interior of the triangle is covered completely, one should 
consider whether the region between the border of W and 
the edges of the triangle are also covered completely. 
Strictly speaking, if each circle covers a part external to 
the triangle and is enclosed by its diameter, and W’s border 
completely, W is considered to be covered completely. 
Since there are an infinite number of points of a curve, it 
is impossible to predict whether these points are situated 
in the interior of one circle. In practice, a finite number of 
discrete points can be confirmed to ensure that all points 
are located inside or outside of the interior of the circle, 
and to enable a mesh subdivision of the curve W

1
 (Figure 

1). The detailed steps involved will be presented in the 
next method.

Subdivision
	 The variable W is subdivided into mesh with a gap of 

U

U
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a in distance. Then, an appropriate coordinate system is 
established and the node of the mesh has those defined 
coordinates. The red region is the sum of all the squares 
that are covered by W and it is an inscribed polygon 
(referred to as g) of W (Figure 2). If we let S0 be the 
difference in area between g and W, then it is easy to derive 
that lim

ag0 
S0=0.

	 Question 2.2.1 is now modified to ask whether g could 
be covered by three circles completely. Since the diameter 
of the circle is a constant, the area covered by three circles 
is uniquely determined by the coordinates of the centers of 
the circles. Under these circumstances, let the coordinates 
of the center of the circles be (x’, y’), (x’’, y’’), (x’’’, y’’’) 
and if every point of g is the interior of one of the three 
circles, g will be covered completely. 
	 Let n be the number of squares in g that are not 
completely in the interior of the three circles where n is 
the function of (x’, y’), (x’’, y’’), (x’’’, y’’’); note that n(x’, 
y’, x’’, y’’, x’’’, y’’’). Thus, now the problem becomes one 
of non-linear programming: min n(x’, y’, x’’, y’’, x’’’, y’’’)

	 s.t. {x’, x’’, x’’’e( Min
i=1,...,n {xn}-r, Max

i=1,...,n {xn}+r	 (2)
	        y’, y’’, y’’’e( Min

i=1,...,n {yn}-r, Max
i=1,...,n {yn}+r

	 In reality, a smaller a leads to a smaller S0, and the 
optimal (x’, y’), (x’’, y’’), (x’’’, y’’’) will be a suitable 
solution for practical purposes. There are several 

optimization algorithms such as GA, which can be used 
to solve this non-linear programming problem. This will 
be discussed in subsequent research reports. In this current 
report, “Subdivision” will be the primary method. 

Model of one ablation
	 The radius of the sphere is assumed to have a scale r 
later in the study. Therefore, the area of one sphere can 
cover a maximum volume of 4pr3/3. The edges of the 
cuboids located entirely in one sphere is assumed by the 
scale a, b and c. Under these circumstances, then a, b and 
c must satisfy the following inequalities:

	 { a2+b2<4r2	 (3)
	    c2≤4r2-(a2+b2)

	 Further, when a2+b2+c2=(4/3)r2, the cuboid in the 
sphere will be the largest, with a volume defined by:
volume (v1

max) is (8pi/9)r3.
	 A necessary yet insufficient condition for one ablation, 
is that the diameter of the lesion is less than r. It should 
be noted that a tumor whose diameter is less than r may 
not be ablated by one ablation. This problem may present 
itself when shape of the tumor is conical. This conclusion 
is derived from the following algorithms: i) Tumors whose 
diameter is less than 2r/3 can be ablated completely by one 
needle when the center of the ablation sphere is located 
at the midpoint of the diameter. This is because a cuboid 
defined as 2r/354r/354r/3 is located entirely in one sphere 
according to the inequalities defined above, and a tumor 
whose diameter is less than 2r/3 is located entirely in this 
cuboid; ii) A tumor whose diameter is r cm in size, belongs 
to a model library of one ablation, under situation where 
the center of the ball is at the midpoint of the diameter 
which completely covers the lesion; and iii) For a tumor 
ranging in size from 2r/3 cm to r cm, if the center of the 
tumor is located on the diameter, complete cover of the 
lesion is equivalent to that of the furthest point from the 
center in any section, perpendicular to the diameter which 
is completely covered.
	 Let the diameter BC be the x-axis, where B is the origin 
and C is at (x1, 0). The center of ablation sphere is A(x1, 
0) and r is the radius; thus the longest distance from a 
point of the section perpendicular to the diameter to the 
foot D(x1, 0) is t(x) (Figure 3). Therefore, here the lesion 
is ablated completely if and only if 

	 t2(x)+(x+x0)
2≤r2, "xe(0, x1)	 (4)

Figure 1. Mesh Subdivision of the Curve W
1
 in 

Mathematical Model of Inscribed Triangle

Figure 2. Establish Mathematical Model: Mesh 
Subdivision of W, the Red Area is g

p

p

Figure 3. One Ablation Treatment of Tumor in 
Mathematical Model Establishing

p
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Model of two ablations
	 It is apparent that the area which two spheres can 
maximally cover is 8pr3/3 in volume, and the area that two 
spheres cover is calculated thus, when these two spheres 
intersect: The distance between two centers is assumed 
with a scale of d(0<d<2r). Then for the area (v2d) two 
spheres cover, the following equation is established: 

	 v2d=(8pr3/3)-2c2r-d
0  (2rx-x2)pdx	 (5)

	     =(8pr3/3)-{[2(r+d)(2r-d)2]/3}p

	 When two spheres intersect, a, b and c (representing 
edges of the cuboids located entirely in the two spheres) 
should suffice the following inequalities:

	 {a2+b2≤4r2-d2	 (6)
	   c≤p4

___
r  

_
 2
__

-
_
(
_
a
__

2
__
+
___
b2

_
)+d

	 Further, the largest cuboid is calculated as following: 
Set x=a2+b2, then 

	 v2=abc≤ab(p4
___

r  
_
 2
__

-
_
(
_
a
__

2
__
+
___
b2

_
)+d)

		  ≤(a2+b2)/2(p4
___

r
_
 2
__

-
_
(
_
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__

2
__
+
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_
)+d)=(x/2)(p4

___
r  

_
 2
__

-
_
x
__

+d)=f(x)

	 By analyzing the function f(x), v2
max, the following 

equation is given:
		        

f(4r2-d2),
 
(2p5

__
/5)r≤d≤2r

	 v2
max=fmax={	 (7)

		        f[(8/9)(2r2+d2+p4
___

r
_
   4
___

-
_
5
__

r
__

2d
__

2+
__

d
__

4
__

), 0<d<(2p5
__

/5)]

	 Here, v2
max is the largest area of the cuboid located in 

two spheres.
	 Let the diameter of the tumor be h and x be the axis 
on the line of the diameter with the node of the diameter 
as the origin. Thus, t(x) is the largest length between the 
point whose x-coordinate is x and the point of (x, 0). An 
assumption here is that the centers of the ablation spheres 
are placed on the diameter. The intersection of two ablation 
spheres is a circle with l (where l is a variable whose 
independent variable is the coordinates of the centers) in 
radius (Figure 4). 
	 Let two of the centers coordinates be (x1, 0), (x2, 0) 
respectively and x2=max{x1, x2}, so that x2+r≥h. When 
0≤x≤h, if t(x) meets the following two inequalities:

	 { t≤p
_
r2(

___
x1

__
-
___
x)

_2_
,    0≤x≤x1+p

_
r2_

-
_
l
_2_

	 (8)
	   t≤p

_
r2(

___
x2

_
-
_
x
__

)
_2_

,      x1+p
_
r2_

-
_
l
_2_

≤x≤h	

	 The lesion belongs to the model of which the tumor 
requires treatment with two ablations, that is to say, under 

conditions here only two spheres can completely cover the 
lesion. The centers of two spheres represent the location 
for the acupuncture point. The Subdivision method is then 
used to verify a graphic of whether it satisfies equation (8) 
above. Namely, for a group of points (xi, ti(xi)), if all of 
these points meet the requirements of equation (8) above, 
then it can be entirely covered.

Model of three ablations
	 In the first instance, denote the domain of the cancer 
as W. Any three centers are in one plane, so let this plane 
be the XOY plane and let three center points be A, B, C, 
and the line of AB be the X axis. Additionally, let A be the 
origin of XOY, the radius of these three spheres be r, the 
distance between A and B be e1; the distance between A 
and C be e2; the distance between B and C be e3 and the 
angle from the AC line to the X axis be q. Note that this 
coordinate system is defined as u (as indicated in Figure 
5).
	 The largest area that 3 spheres can cover is defined 
as 4pr3. Similarly, the area where 3 spheres intersect is 
calculated according to the following equation:

						                   (9)

	 where, 0≤e1≤e2≤e3≤2r is supposed, r2
1 =r2-z2

	 lAB=p
__
r1

2-
__
(

_
e1

__
/

__
2
___

)2_
, lAC=p

__
r1

2-
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(
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)2_
], lBC=[(e3/2)p

__
r1

2-
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(

_
e3

__
/
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2
___

)2_

	 h=p
__
r2__

-r
_’2_, r’ is the radius of the inscribed circle of rABC.

	 q
1
=2p-arccos(a/2r)-arccos(b/2r)-     A

	 q
2
=2p-arccos(a/2r)-arccos(c/2r)-     B

	 q
3
=2p-arccos(b/2r)-arccos(c/2r)-     C

Figure 4. Two Ablations Treatment of Tumor in 
Mathematical Model Establishing
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Figure 5. Graphic can be Covered with 3 Spheres. θ: 
qCAB; Distance between A and B: e1 ; Distance between A and 
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	 In this equation, e1, e2 and e3 respectively are the scales 
of three edges of the triangle organized by the centers of 
the 3 spheres. 
	 When 3 spheres intersect, a, b and c (representing 
entirely the edges of the cuboids in the 3 spheres) should 
satisfy the following inequalities:

	 a2+b2≤4r2-d2	 (10)
	 c≤p

__
4r

_ _
2
_
-

__
(a
__ _

2
__
+

__
b2

_
)+2d

	 The largest cuboid can thus be calculated following 
this equation: Set x=a2+b2, then; 

	 v3=abc≤ab[p
__
4r

_ _2_
-

__
(a
__ _2__

+
__
b2_

)+2d ]	 (11)

	           ≤[(a2+b2)/2][p
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_ _2_
-

__
(a
__ _2__

+
__
b2_

)+2d ]=(x/2)[p
__
4r

_ _2_
-

__
x

_ 
+2d ]@g(x)

	 By analyzing the function g(x), v3
max is given by:

	 v3
max=gmax=g(4r2-d2),	          (2p7

___
/7)r≤d≤2r	 (12)

		  g(2d2+2p
__
d

_
4
___
+
___
3

___
r
__

4
__
-
__
4
_ __
r
_

4
__
d
_ _

4
_
),      0<d<(2p7

___
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	 Here v3
max is the largest area of the cuboid in three 

spheres. It can be proven that the largest cross-section of 
the various shapes is composed of three spheres which are 
located in the XOY plane. In research studies using this 
model library, the largest section (T) of a patient’s lesion 
is assumed to be placed in the XOY plane.
	 For any point (x0, y0, z0) of the lesion, if it meets one 
of the following three inequalities

	 x2
0+y2

0+z2
0 ≤ r2

	 (x0-l1)2+y2
0+z2

0)≤ r2	 (13)

	 (x0-l2cosq)2+(y0-l2sinq)2+z0)≤ r2

	
	 then the tumor can be covered. Thus, under these 
circumstances, the lesion can be treated when every point 
of the lesion meets the conditions mentioned above.
	 Similarly, the subdivision method is used to examine 
whether one lesion belongs to the model in which a 
particular tumor can be treated by three needles in an 
actual test. In order to comply with the strict requirements 
of a clinical operation, scalar a is set sufficiently small, 
forming the grid shown in Figure 1. Thus, in Figure 1, each 
grid is a a5a5a cube and its projection on the XOY plane 
is a a5a square. For any point (ma, na, zm,n) of the lesion, 
its projection is (ma, na). Then, under conditions where 
the point (ma, na, zm,n) meets one of the inequalities (13), 
and is equivalent to the lesion, the tumor can be treated by 
three needles for "m,n,a (ma, na, zm,n)eW,a≥0,m,neZ.

The untreatable model 
	 Untreatable lesions refer to those lesions that cannot 
be treated by three needles. Under this situation, there are 
three rules that are relevant to the untreatable model: i) 
If the ablation sphere has a radius r, the lesion that has a 
volume larger than 4pr3 certainly cannot be treated; ii) If 
the largest section of the lesion has an area(s) larger than 
3pr2 (namely, S≥3pr2), the lesion also cannot be treated; 
and iii) If a lesion presents with a diameter that is longer 
than 6r (namely d>6r), it too cannot be treated 

Results 
Established an optimized steps of a mathematical model 

This study established a optimized mathematical 
model for RFA in magninant tumor of liver, the procedure 
is shown as follows: i) Reconstruct the three-dimensional 
(3D) graphic of a tumor lesions according to data obtained 
from a CT scan; ii) Obtain characteristic data of a 3D 
graphic of the tumor, which should include the diameter, 
the largest area of the tumor section, etc; iii) Compare 
empirical data with data obtained from the untreatable 
model library. If these data sets match, this lesion is not 
treatable (i.e. cannot be treated by three needles). Also, if 
there is no matching, the lesion will be tested as outlines in 
step 4 below; iv) Sequentially compare the empirical data 
with data obtained from the model library of one ablation, 
data obtained from the model library of two ablations and 
the data obtained from the model library of three ablations 
so that the optimal treatment scheme can be selected; 
and v) Locate the placement of the electrode according 
to the model library. If a particular data characteristic of 
the lesion does not match any model library, the methods 
proposed in this current report cannot serve to provide 
optimization proposals. Under this special circumstance, 
the reader is advised to seek further expert assistance. 

The using of optimized mathematical model in liver 
cancer cases

Three cases, which we will refer to as A (patient 
ID 21****3), B (patient ID 21****1) and C (patient 
ID 4****0) were selected to perform simulation by 
mathematical modeling to establish the above algorithms 
by a computer software approach. These cases were 
collected from The Sir RunRun Shaw Hospital and 
Medical School, Zhejiang University. The parameters of 
the 3 cases were assessed by Dual Source CT Imaging. 
The criteria are shown as follows (Table 1).

By the criteria defined above, it was shown that these 
parameters (i.e., RECIST diameter and Max diameter) 
were insufficient to determine the specific shape of the 
lesions. However, we believed it was evident that each 
lesion was located completely in the cylinder whose height 
was a RECIST diameter and the radius of the bottom was 
max orthogonal diameter. This cylindrical approach was 
used to verify whether it can be covered by three or fewer 
spheres of which the diameter was 3.0 cm, according to the 
method described above. If the lesion could be covered, 
then the lesion was treated. By contrast, if the lesion could 
not be covered, it was largely uncertain that the lesion 
could be treated.

Table 1. The Tumor Parameters of 3 Cases Assessed 
by Dual Source CT Imaging
Measurement	 Patient ID and tumor
	 21****3	 21****1
	 1          2          3	 4

RECIST diameter (mm)	 25.8	 17.2	 42.7	 97.9
Max orthog.diameter (mm)	 19.2	 11	 29.2	 70.5
z-extension (mm)	 30	 21	 45.5	 83
Tumor volume (ml)	 5.83	 1.92	 18.454	283.149
Diameter of volume-equiv.sphere (mm)	 22.3	 15.4	 32.8	 81.5
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Patient ID: 21****3
This patient was female, 20 years old. The diagnosis 

was primary liver cancer, with intrahepatic and lung 
metastasis, T3NxM1, stage IV. This patient came to hospital 
for abnormal distension and mass. From CT scan it showed 
that (09/2010): multiple occupying lesions in liver, with 
port vein embolus and lung metastasis, consider as primary 
liver cancer. B ultrasound report showed: multiple liver 
tumors, consider as primary liver cancer. The marker of 
hepatitis B was positive. This patient was in clinic, treated 
with Chinese traditional medicine.

Tumor ID: 1 
For the cylinder, the diameter of the bottom was 38.4 

mm and the height was 25.8 mm: i) This lesion did not not 
belong to the untreatable model library; ii) The diameter 
was approximately 46.2 mm, and did not belong to the 
model library of one ablation; iii) The lesion did belong to 
the model library of two ablations, because the location on 
diameter was not searched by the Subdivision approach; 
and iv) The lesion did not belong to the model library 
of three ablations, because the location in the biggest 
section of the tumor (rectangle) was not searched by the 
Subdivision approach. Thus, it was inconclusive whether 
the cylinder could be covered by three spheres.

Tumor ID: 2
The diameter of the bottom was 22 mm and the 

height was 17.2 mm: i) This lesion did not belong to the 
untreatable model library; and ii) The diameter of the 
lesion was approximately 27.9 mm. Since the location 
was searched in the diameter of the lesion, it belonged to 
a model library of one ablation and the center was placed 
on the center of the cylinder. Thus, the lesion could be 
covered by one sphere. 

Tumor ID: 3 
The diameter of the bottom was 58.4 mm and the 

height was 42.7 mm: i) This lesion did not belong to 
am untreatable model library; ii) The diameter was 
approximately 72.3 mm (>2r), thus it did not belong to a 
model library of one ablation or a library of two ablations; 
and iii) The lesion did not belong to a model library 
of three ablations, because the location in the largest 
section of the tumor (rectangle) was not searched by the 
Subdivision approach. Thus, it was inconclusive whether 
the lesion could be covered by three spheres.

In conclusion, it was uncertain whether Tumor ID 1 
or Tumor ID 3 were treatable. This was not the case for 
Tumor ID 2, where it was quite conclusive that this lesion 
could be treated by one ablation.

Patient ID: 21****1
This patient was male, 55 years old. The diagnose of 

this patient was primary liver cancer with abdominal and 
bone metastasis, T2N0M1, stage IV. This patient came to 
hospital for the complaint of abdominal and back pain for 
3 months. The CT scan showed there was a mass in right 
liver lobe and peritoneal occupying with bone diseases. 
The pathology report showed: hepatocellular carcinoma. 
This patient had taken sorafenib for 1 month. Then he 

came to hospital again cause of severe abdominal pain.

Tumor ID: 4 
The diameter of the bottom was 141 mm and the height 

was 97.9 mm: i) This lesion belonged to the untreatable 
model library since the diameter was greater than 90 mm 
(namely, a diameter >3r). Thus this tumor could not be 
covered by three spheres.

In conclusion: It was inconclusive that Tumor ID 4 
was treatable. 

Patient ID: 4****0
This patient was male, 64 years old. The diagnose of 

this patient was post operation of primary liver cancer; 
with recurrence of liver cancer after TACE(transcatheter 
arterial chemoembolization); liver cirrhosis, T2N0M0, stage 
I. This patient was admitted into hospital for AFP elevated 
for 9 years and resection of liver cancer for 3 years. The 
pathology report was hepatocellular carcinoma with liver 
cirrhosis. The recurrence of liver tumor was found by CT 
scan (09/2010) after TACE for 3 times.

Tumor ID: 5
The diameter of the bottom was 47.8 mm and the 

height was 38.3 mm: i) This lesion did not belong to 
the untreatable model library; ii) The diameter was 
approximately 61.2 mm, thus it did not belong to a model 
library of one ablation or a model library of two ablations; 
and iii) The lesion did not belong to a model library 
of three ablations, because the location in the largest 
section of the tumor (a rectangle) was not searched by 
the Subdivision approach. Thus, this tumor could not be 
covered by three spheres.

In conclusion, it was inconclusive that Tumor ID 5 
was treatable.

Discussion

The target tumor lesion in liver should not exceed 3 
cm at its longest axis to achieve best rates of complete 
ablation using most of the currently available devices 
according to the expert consensus (Crocetti et al., 2010) 
and guidelines (Bruix et al., 2001; Bruix and Sherman, 
2005). This means the effective ablation range is 3cm 
(Toshikuni et al., 2010). Although there have already 
designed many types of RFA needles with the ablation 
range is up to 7cm, but they were seldom used in clinic 
because of safety and operators’ experience. 

A tumor-free margin of less than 1.0 cm was found 
to be directly associated with an increase in local tumor 
recurrence (Elias et al., 1998; Poultsides et al., 2010). 
Similarly, successful RFA of liver tumors depends on 
inducing coagulation necrosis of the entire tumor and a 
1.0 cm thick margin of normal liver located about the 360° 
perimeter of the tumor (Dodd et al., 2001). In addition, 
this is also required for multi-direction and multi-angle 
ablation approaches. 

By contrast, conventional 2-dimensional (2D) 
ultrasound (US) guidance for RFA is limited due to its 
lower relative sensitivity, in part because of the vapor 
produced by the high temperatures associated with 
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RFA when compared with conventional referral modes 
of therapy such as contrast enhanced computerized 
tomography (CT) or magnetic resonance imaging 
(MRI). Also, it is very challenging to accurately position 
the needle position for the purposes of distinguishing 
rudimentary tissue from tissue undergoing necrosis during 
ablation by US. Thus, CT guided RFA exhibits greater 
reliability, and for liver cancers that are undetectable by 
US, it is widely considered that CT-guided RFA is effective 
and relatively safe (Laspas et al., 2009; Park et al., 2009). 

In this study, we used CT data acquisition, in which 
it is straight forward to visualize the 3D spatial aspects 
of the tumor and its spatial orientation relative to the 
surrounding hepatic vascular structures. Thus, incomplete 
ablation and residual lesions may easily occur during 
RFA, especially for larger liver tumors. Herein, the current 
study established a mathematical model on the basis of the 
current radio frequency system to improve the coagulation 
efficiency and results obtained by RFA.

The overlapping mathematical computing scheme 
has already been taken considered by other investigators 
(Rossi et al., 1990; Tsuzuki et al., 1990). Chen et al. 
established a mathematical model by an ultrasound guided 
method and used it in clinical trials (Chen et al., 2004). 
This approach seemed to be more effective than more 
common conventional approaches. However, for larger 
tumors, a 14-ablation scheme is considered inoperable 
in a clinical setting. Thus, a more feasible alternative is 
to create thermal cylinders, where hyperthermic spheres 
overlap to create a cylinder. Nonetheless, this model 
is geometrically less efficient when compared with the 
14-ablation scheme, yet, it may still find clinical utility 
if implemented correctly (Dodd et al., 2000; Rhim et al., 
2001). Hence, some investigators proposed that moderate 
and/or non-infiltrating tumors were treated markedly 
more successfully more often than larger and/or more 
infiltrating tumors (Livraghi et al., 2000). We believe it 
is very important to appreciate the character and tumor 
growth zone of the lesion being considered for treatment. 

In the current study, we analyzed the size of the tumor 
and infiltration of the tumor by a mathematical modeling 
approach, and calculated satellite lesions in peritumor, 
tumor vessels, and the relationship between the tumor and 
the adjacent organs by this approach. The key objective 
was to provide the basis for the determination of treatment 
strategies of RFA.

In conclusion, RFA was found to be more effective 
than other local ablative therapies (Lau and Lai, 2009). 
As we know, tumor burden may exceed the ability of 
current technology to completely ablate the tumor, and 
thus our ability to affect long-term patient survival is 
limited (McGhana and Dodd, 2001). Currently, most 
success of RFA was based on technologic advances in 
radio frequency electrode and generator design. However, 
it was clinically useful for the coagulation zone, and 
induced more complications. Therefore, improvements 
in the design of methods to ensure adequacy of tumor 
necrosis is very important. 

We theoretically propose clinical research designed 
to improve the use of RFA in the treatment of large 
tumors by employing a mathematical model, and features 

of three-dimensional graphics that can be completely 
covered by three or fewer spheres. The model provides the 
mathematical basis for assessing covering problems and its 
practical effectiveness should be confirmed by computer 
simulation. In addition, the method of inscribed triangle 
is an alternative method when studying the coverage 
problems that are encountered when using three planar 
circles.

In this study, we have established a mathematical 
model and a database of hepatic carcinoma for RFA, 
which we believe can improve the efficiency of RFA. The 
frequency of accupucture were also optimized, and this 
approach can also assist the operator design a preferable 
RFA scheme for patients, in order to reduce the tumor 
residue. The area of coagulation and configuration of 
RFA appeared less challenging to predict by calculating 
the anatomic structure of liver cancer. These results have 
provided a foundation for an RFA expert system in future 
studies. In addition, it should be appreciated that the 
databases derived from the current model are currently 
insufficient and necessary condition of the actual situation 
from the design ideas of model base. Once a lesion belongs 
to a certain model database, it is a sufficient condition but 
not a necessary condition to require N needles to treat the 
patient. In other words, if a lesion belongs to a particular 
model database, then this lesion must be treated by the 
scheme offered by such database. If a lesion requires N 
needles for actual treatment, the characteristic data of 
that tumor may not fit the model base. Therefore, it is our 
intention to attempt building a complete model database, 
which will make use of the four model databases to cover 
all types of tumor lesions, in accord with the following 
formula: . 
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